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Antijamming Performance of Space-Frequency
Coding in Partial-Band Noise
Celal Eşli, Student Member, IEEE, and Hakan Deliç, Senior Member, IEEE

Abstract—Space-frequency coded (SFC) orthogonal frequencydivision multiple access (OFDMA) system is considered under
partial band noise jamming (PBNJ). Analytical expressions for
the bit error probability (BEP) are derived for OFDMA with and
without SFC in a frequency-selective fading environment. It is
shown that SFC increases the resistance of OFDMA against PBNJ
and reduces the BEP considerably.
Index Terms—Orthogonal frequency-division multiple access
(OFDMA), partial band noise jamming (PBNJ), space-frequency
coding (SFC).

I. I NTRODUCTION

O

RTHOGONAL
frequency-division
multiplexing
(OFDM) is an efficient technology that splits the
available bandwidth among several closely spaced mutually
orthogonal subcarriers. The frequency-selective fading problem commonly encountered in wideband communications is
replaced by transmission over multiple flat-fading channels.
Nowadays, OFDM is used in terrestrial digital video broadcasting (DVB), wireless local area networks (LANs) such as
HIPERLAN/2, 4G systems, high bit rate digital subscriber
lines (HDSLs), and asymmetric digital subscriber loops
(ADSLs) [17].
Dividing the available subcarrier set among the users
gives rise to a multiuser paradigm known as the orthogonal
frequency-division multiple access (OFDMA). In the so-called
clustered OFDM, each user is assigned a cluster of contiguous
subcarriers, which are transmitted over separate antennas so
that fading is independent on each cluster [3].
It is conceivable that future-generation tactical communication systems will employ a multicarrier system such as
OFDMA for high-rate data transmission [5], [10], [12]. Such
systems must not allow various forms of jamming to inhibit
the communications between friendly lines. To interfere with
the communications, the enemy sends a signal in the form of
tones [4], [11] or noise [1], [15], [16], [19] to the receiver
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at the same frequency band or subband that the transmitter
uses. Because the power of the jammer is finite, jamming
cannot be applied to the whole band, and the decision as to
what portion of the spectrum to attack is a critical problem
on the jammer’s part. In partial-band noise (PBN) generation,
the jammer distributes its total power Jtot over T contiguous
subbands so that α = T /N of the bandwidth is jammed, where
N is the total number of OFDM subbands. The PBN jammer
acts as an additive Gaussian noise source with zero-mean, and
the effective jamming power spectral density in any subband
is Nj = Jtot /Wtot , assuming that Jtot is uniformly distributed
over entire bandwidth Wtot .
To ensure that jamming does not hamper communications,
appropriate measures need to be taken. For instance, the generalized frequency-hopping (FH) OFDMA system is shown to
eliminate narrowband and partial-band interference by careful
code design [20]. However, such code designs may leave the
system vulnerable to follower jammers, against which pseudorandom hopping is preferred. Moreover, code coordination
among the users may not be feasible. Therefore, whether FH
is employed or not, other means that add robustness to the
tactical communication system are welcome. The use of OFDM
offers the possibility of diversity in the frequency domain
through space-frequency coding (SFC) [2], [8]. While SFC is
intended to provide gains against fading, it is also a proven
technique to reduce multiuser interference in FH-OFDMA so
long as each user’s subcarriers hop independently [6], [7].
Therefore, it is anticipated that SFC should enhance the resistance of an OFDMA system to other forms of interference
as well.
In this paper, we consider OFDMA that is equipped with
SFC over two transmit antennas and evaluate its performance
in the presence of partial band noise jamming (PBNJ) in a
frequency-selective fading environment. The premise behind
our effort is that there will be instances where the jammer
may not hit both subcarriers that are used in SFC, and the
postdecoding signal-to-jammer ratio (SJR) will be higher than
that experienced by OFDMA alone. Analysis and simulations
for various signal-to-noise ratios (SNRs), SJRs, and α values indicate that SFC does indeed provide significant energy
efficiency.
The organization of the paper is as follows. Section II
briefly outlines the SFC-OFDMA system, including the signalto-jammer plus noise ratio (SJNR) calculations. Hit probabilities for SFC-OFDMA are computed in Section III. Bit error
probability (BEP) performance of OFDMA and SFC-OFDMA
is furnished in Section IV. The simulation model and results are
in Section V. Conclusions are drawn in Section VI.
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EŞLI AND DELIÇ: ANTIJAMMING PERFORMANCE OF SPACE-FREQUENCY CODING IN PARTIAL-BAND NOISE

467

Fig. 1. Block diagram of the SFC-OFDM system. In the figure, S1 (n) and S2 (n) are the nth-coded OFDM blocks, and Y(n) is the corresponding received
OFDM block.

II. S PACE -F REQUENCY C ODED (SFC) OFDMA
The block diagram of the OFDM system equipped with SFC
capability is given in Fig. 1. The total of N available subcarriers
is distributed over U = N/M users, each having M subcarriers
that need not be contiguous. User data symbols are modulated
with quadrature phase-shift keying (QPSK). Each user’s data
symbols are fed into a serial-to-parallel converter to generate
the nth OFDM block of ith user, which is denoted by

Assuming that the channel state information (CSI) is available, the decision estimate
ŝ = Cy

is generated through the zero-forcing space-frequency decoder

C=

s(i, n) = [S0 (i, n)S1 (i, n) · · · SM −2 (i, n)SM −1 (i, n)]T
where Sm (i, n) := S(i, nM + m), m = 0, 1, . . . , M − 1, is
the mth symbol of the nth data block. Using the nth OFDM
block s(i, n), the SF encoder generates the two data vectors [8]

T
∗
(i,n) ,
s1 (i,n) = S0 (i,n) −S1∗ (i, n) · · · SM−2 (i, n) −SM−1

T
∗
s2 (i, n) = S1 (i,n) S0∗ (i,n) · · · SM −1 (i,n) SM
.
−2 (i,n)
We ignore the (i, n) designation for notational simplicity
hereafter.
Before transmission, inverse discrete Fourier transform
(IDFT) is applied to both vectors and cyclic prefixes appended.
Subsequently, s1 and s2 are simultaneously transmitted over
the respective antennas that are positioned such that the corresponding channels are uncorrelated. IDFT can be implemented
through an N -point inverse fast Fourier transform over the N
subcarriers by appropriately zero-padding s ,  = 1, 2, to make
it an N × 1 vector.
At the receiver, following the cyclic prefix removal, discrete Fourier transform (DFT) is applied. The DFTs of
channel impulse responses h1 := hi,1 (n) and h2 := hi,2 (n)
observed by the ith user’s transmit antennas, which are
assumed to stay constant for the duration of the block, have
the channel-transfer functions H1,0 , H1,1 , . . . , H1,M −1 and
H2,0 , H2,1 , . . . , H2,M −1 , respectively, at the M subcarriers.
Following OFDM demodulation, the received symbols are



∗
∗

H1,m H1,m+1
+ H2,m H2,m+1

∗
∗
H1,m H1,m+1
+ H2,m H2,m+1


− 1
|H1,m+1 |2 +|H2,m |2 2
0
×
− 1

0
|H1,m |2 +|H2,m+1 |2 2
 ∗
H1,m+1 H2,m
×
(3)
∗
H2,m+1
−H1,m

∗
]T . While
of [18], where ŝ = [Ŝm Ŝm+1 ]T and y = [Ym Ym+1
designing the decoder in [18], a constraint is enforced so as not
to change the variance of noise or jammer and leave them as
they are in y. From (3), the SFC decoder outputs are

Ŝm =
Ŝm+1 =



∗
∗
H1,m H1,m+1

+ H2,m H2,m+1
|H1,m+1 |2 + |H2,m |2



∗
∗
H1,m H1,m+1

+ H2,m H2,m+1
|H1,m |2 + |H2,m+1 |2

(1)

for m = 0, 2, 4, . . . , M − 2, where Zm represents the zeromean complex additive white Gaussian noise (AWGN) with
two-sided power spectral density of N0 /2.

Sm + Z̄m

(4)

∗
Sm+1 + Z̄m+1

(5)

where the post-decoding noise term Z̄m (Z̄m+1 ) is conditionally Gaussian with the same variance as Zm (Zm+1 ) for
m = 0, 2, 4, . . . , M − 2.
In the absence of the jammer, the SJNRs observed at the SFC
decoder output are simply

0
γm

=

Ym = H1,m Sm + H2,m Sm+1 + Zm
∗
∗
∗
∗
Ym+1
= −H1,m+1
Sm+1 + H2,m+1
Sm + Zm+1

(2)

0
γm+1
=


2
∗
∗
H1,m H1,m+1

+ H2,m H2,m+1
|2

|2

|H1,m+1 + |H2,m

2
∗
∗
H1,m H1,m+1

+ H2,m H2,m+1
|H1,m |2 + |H2,m+1 |2

·

Es
N0

·

Es
N0

(6)

0
is the SJNR at the
where Es is the symbol energy, and γm
decoder output for the unjammed subcarrier m.
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Assuming that the neighboring subcarriers have the same
channel transfer functions, i.e., H1,m ≈ H1,m+1 and H2,m ≈
H2,m+1 , the SJNRs reduce to
 Es

0
0
≈ γm+1
≈ |H1,m |2 + |H2,m |2
.
γm
N0

(7)

To check for the validity of the above assumption, the correlation between adjacent carriers should be taken into account
in the analysis. Defining ρ as the correlation coefficient between the channel-transfer functions of the adjacent subcarriers, the random variables 1 = (H1,m − ρH1,m+1 )/( 1 − ρ2 )
and 2 = (H2,m+1 − ρH2,m )/( 1 − ρ2 ) are introduced in
0
and
[18]. By inserting 1 and 2 in (6), we can express γm
0
γm+1 as


0
= ρ
γm
+
0
γm+1



= ρ
+

|H1,m+1 |2 + |H2,m |2
1−

ρ2


∗
∗
H1,m+1
1 + H2,m
∗2 2 Es

|H1,m+1 |2 + |H2,m |2  N0

(8)

|H1,m |2 + |H2,m+1 |2
1−

ρ2


∗
H1,m ∗1 + H2,m+1
2 2 Es

.
|2  N0
|H |2 + |H
1,m

1
γm+1
=

2
γm
=

2
γm+1
=

1) None of the subcarriers is hit by the jammer.
2) A single subcarrier is hit by the jammer.
3) Both subcarriers are hit by the jammer.
Throughout the rest of the analysis, the SJNR of the subcarrier m subject to a single hit and a double hit is represented by
1
2
and γm
, respectively. The first case is already investigated
γm
in (8) and (9).
In the second scenario, since one of the subcarriers (say the
first one) is hit by the jammer, the received symbols are
Ym = H1,m Sm + H2,m Sm+1 + Gm Jm + Zm
∗
∗
∗
∗
Ym+1
= −H1,m+1
Sm+1 + H2,m+1
Sm + Zm+1

(10)

where Jm and Gm represent the jamming signal following
OFDM demodulation and the channel-transfer function experienced by the jammer, respectively. The SF decoder generates
the decision estimates through (3), and therefore, the SJNR
at the SF decoder output is found in (11), shown at the bottom
of the page, where NJ = Nj /α is the power spectral density of
the jammer in a jammed subcarrier.
Finally, when both of the carriers are hit by the jammer,
received symbols are observed as

(9)

2,m+1

The jammer chooses T contiguous subcarriers and distributes
its total power over them. Hence, each subcarrier pair in SFC is
either subject to a double hit, a single hit, or no hit. Since each
symbol is sent on two distinct subcarriers in SFC, there will
be cases in which a symbol jammed in one subcarrier is not
jammed in the other one. To consider the effects of jamming on

1
γm
=

the SJNRs at the SF decoder, three distinct hit scenarios should
be examined in terms of subcarrier pairs involved in SFC.



ρ |H1,m+1 |2 + |H2,m |2 +


Ym
∗
Ym+1

= H1,m Sm + H2,m Sm+1 + Gm Jm + Zm
∗
∗
= −H1,m+1
Sm+1 + H2,m+1
Sm
∗
∗
+ G∗m+1 Jm+1
+ Zm+1
.

Similar to the second scenario, when both subcarriers are hit the
SJNRs at the decoder output are found to be as in (13), shown
at the bottom of the page.

2

 Es
2
2
|H1,m+1 | +|H2,m | 

H∗

1 − ρ2 √ 1,m+1

∗
∗
1 +H2,m 2

N0 + |Gm |2 NJ
2

∗
∗


ρ |H1,m |2 + |H2,m+1 |2 + 1 − ρ2 √H1,m 1 +H2,m+1 2  Es

|H1,m |2 +|H2,m+1 |2 
N0 + |Gm |2 NJ



ρ |H1,m+1 |2 + |H2,m |2 +


(12)

(11)

2

 Es
2
2
|H1,m+1 | +|H2,m | 

H∗

1 − ρ2 √ 1,m+1

∗
∗
1 +H2,m 2

N0 + (|Gm |2 + |Gm+1 |2 ) NJ
2

∗
∗


ρ |H1,m |2 + |H2,m+1 |2 + 1 − ρ2 √H1,m 1 +H2,m+1 2  Es

|H1,m |2 +|H2,m+1 |2 
N0 + (|Gm |2 + |Gm+1 |2 ) NJ

Authorized licensed use limited to: ULAKBIM UASL - BOGAZICI UNIVERSITESI. Downloaded on October 7, 2009 at 05:43 from IEEE Xplore. Restrictions apply.

(13)
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d − s)!) possible cases, the probability that d pairs are subject
to double hit for the second group is
Pdh,2 (d)

=

(N −T +1)
2

N −T +1
min(

Fig. 2.

Separation of possible jamming scenarios into two groups.



2, M
2



×

Pdh,1 (d) =



N −T +1

×

d−1

k=0



T
2
N
2

M 

!
 M2

d! 2 − d !

−k
−k



 M −d−1 

2
N
T
2 − 2 −m
. (14)
N
2 −d−m
m=0

For the second group, the probability that d pairs are subject
to a double hit is d−1
k=0 ((T /2 − 1 − k)/(N/2 − k)). Given d
double-hit pairs, the remaining M/2 − d pairs are either hit
free or subject to a single hit. Thus, s−1
n=0 ((2 − n)/(N/2 −
d − n)) is the probability of observing s single-hit pairs given
that there are d double-hit pairs, where s ranges from 0 to
min(2, M/2 − d). Next, the remaining M/2 − d − s pairs are
M/2−d−s−1
((N/2 − T /2 − m −
hit free with the probability m=0
1)/(N/2 − d − s − m)). Putting all the above calculations
together and recalling that there are ((M/2)!/d!s!(M/2 −

k=0

T
2

−k−1
N
2 −k



 s−1 



2−n


N
d!s! M
2 −d−s !
2 −d−n
n=0


M
2 −d−s−1
N
T

2 − 2 −m−1
×
. (15)
N
2 −d−m
m=0
M 
2

III. C OMPUTATION OF H IT P ROBABILITIES

(N −T +1)
2



−d)

s=0

Consider an SFC system with two TX antennas so that there
are N/2 carrier pairs in total for users. It is assumed that each
user transmits over M/2 pairs of contiguous subcarriers. On
the other hand, T of N possible subcarriers is jammed by PBN.
Each subcarrier pair is either subject to a double hit, a single
hit, or no hit.
1) Subcarrier Pairs Subject to a Double Hit: Jammer
chooses T contiguous carriers out of N so that there are
N − T + 1 possible jamming scenarios. Since T is assumed
to be even throughout this paper, possible jamming scenarios
can be divided into two groups: one consisting of carrier
sequences starting from odd-numbered subcarriers and the
other starting from even-numbered subcarriers. This separation
of possible scenarios is necessary for the ease of derivations.
The separation scheme is illustrated in Fig. 2. The first group
consists of (N − T + 1)/2 sequences, whereas the second
one consists of (N − T + 1)/2 sequences.
Considering the first group, the probability that d pairs are
subject to a double hit is d−1
k=0 ((T /2 − k)/(N/2 − k)). Given
d double-hit pairs, the remaining M/2 − d pairs are hit-free,
M/2−d−1
((N/2 − T /2 − m)/(N/2 − d −
with probability m=0
m)). Finally, noting that there are ((M/2)!/d!(M/2 − d)!)
possible cases, the probability that d pairs are subject to a
double hit for the first group is

d−1


!

where here and in the sequel it is supposed that s−1
n=0 f (n) = 1.
Combining the probabilities for both groups, the exact
probability that d pairs are subject to a double hit is found to
be Pdh (d) = Pdh,1 (d) + Pdh,2 (d). The expected number of
subcarrier pairs with a double hit is
T
min( M
2 , 2 )

E[d] =



dPdh (d).

(16)

d=1

Finally, the probability that any subcarrier pair experiences a
double hit is
P2 =

E[d]
M
2

.

(17)

2) Subcarrier Pairs Subject to a Single Hit: Separating
the possible jammed-carrier sequences into two groups is
also useful for this case. If the first group is considered, it is
noticed that there can be no single-hit pair with this group’s
jamming scenarios. On the other hand, for the second group,
s−1
k=0 ((2 − k)/(N/2 − k)) is the probability of observing s
pairs subject to a single hit, where s can be 2 at most. Given
that there are s single-hit pairs, the remaining M/2 − s pairs
are hit-free or subject to double hits. Therefore, given that
there are s single-hit pairs, the probability of observing d
d−1
double-hit pairs is
n=0 ((T /2 − n − 1)/(N/2 − s − n)),
where d ranges from 0 to min(M/2 − s, T /2 − 1) . Next,
M/ 2−s−d−1
((M/ 2 − T / 2 − m − 1)/(N/ 2 − s − d − m))
m=0
corresponds to the probability of observing M/2 − s − d
hit-free pairs. Noting that there are ((M/2)!/d!s!(M/2 −
d − s)!) possible different cases, the resulting probability of
observing s single-hit pairs is obtained as
Psh (s)

=

(N −T +1)
2



N −T +1

s−1

k=0




min( T2 −1, M
2 −s)
×


d=0

2−k
N
2 −k



 d−1 

 T −n−1
2


N
d!s! M
2 − d − s ! n=0
2 −s−n


M
2 −s−d−1
N
T

2 − 2 −m−1
. (18)
×
N
2 −d−s−m
m=0
M 
2

!
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The expected number of carrier pairs subject to a single hit is
2


E[s] =

sPsh (s)

(19)

s=1

and consequently, any given subcarrier pair experiences a single
hit with probability
P1 =

E[s]
M
2

.

(20)
PbOFDMA

!
"  !
"
1 
2
2
=
Q
|Λ1,m | γJ +
Q
|Λ1,m | γs
N


IV. BEP P ERFORMANCE U NDER PBN J AMMING
A. OFDMA
The jammer chooses T contiguous subcarriers from the total
of N and distributes its available power Jtot evenly over these.
Assuming that the jammer’s PBN is independent of the background additive Gaussian noise, the powers can be summed to
represent the total noise power at the receiver as in [15]. Hence,
the average BEP of QPSK modulation under PBNJ is
√
(21)
Pb (γJ ) = Q( γJ )
where γJ = Es /(N0 + NJ ) is the average SJNR, and Q(x) =
2
∞
(1/2π) x e−y /2 dy [14].
In the OFDMA system, each user transmits over M subcarriers, which are assigned such that collisions are avoided. The
BEP of the OFDMA system without jamming averaged over all
users can be written as
PbOFDMA

U M
1 
=
Pb (γi,k )
N i=1

(22)

k=1

where Pb (γi,k ) represents the BEP of the ith user’s kth carrier with the OFDM block-long SJNR γi,k . Let Λ be the
vector consisting of the corresponding channel gains of each
user’s th transmit antenna (e.g., for M = 2, N = 8, two transmit antenna case, Λ1 = [H1,1,0 H2,1,0 H3,1,0 H4,1,0 ]T , Λ2 =
[H1,2,0 H2,2,0 H3,2,0 H4,2,0 ]T in nth block, where Hi,,k :=
[Hi,,k Hi,,k+1 ]T represents the channel-transfer functions of
the ith user’s th transmit antenna’s kth subcarrier pair). Since
the double summation in (22) is over all available subcarriers,
it can be simplified to
PbOFDMA =

where J and J  are the index sets of the jammed and unjammed subcarriers, respectively.
For simplification, the following assumption is taken into
account in the ensuing calculations.
A1) The jammer signal does not experience a severe fading
(e.g., the jammer is close to the transmitter), and therefore
|Gm | = 1, m = 0, 1, . . . , N − 1.
By A1), (24) is simplified to

N −1
1 
Pb (γm )
N m=0

(23)

where Pb (γm ) represents the unjammed BEP of the mth carrier
when the block-long SNR is γm = γS |Λ1,m |2 , where γS =
Es /N0 , and Λ1,m is the mth element of Λ1 . If α of the total
bandwidth is jammed, inserting (21) into (23) gives



|Λ1,m |2 Es
1
OFDMA
Pb
= 
Q
N
N0 + |Gm |2 NJ

m∈J

m∈J

!
"
!
"
N −1 
1 
2
2
=
|Λ1,m | γJ +(1 − α)Q
|Λ1,m | γs .
αQ
N m=0
(25)

Considering a Rayleigh fading channel, the expected BEP is
#∞
P̄bOFDMA =

#∞
···

0

PbOFDMA p(γ)dγ

(26)

0

where γ = [γ0 γ1 . . . γN −1 ]T , and p(γ) is the multivariate
Rayleigh probability density function (pdf) that represents the
frequency-selective channel gain.
B. SFC-OFDMA
While deriving the BEP of the SFC-OFDMA system, subcarrier pairs should be taken into account. Thus, (23) can be
modified as
PbSFC−OFDMA =


1  0
P + Pb2 + · · · + PbN −2
N b

(27)

where Pbm = Pb (γm ) + Pb (γm+1 ) represents the total BEP of
the contiguous subcarrier pair for m = 0, 2, . . . , N − 2. The
SJNR changes according to the effect of jamming on the
subcarrier pairs. Hence, γm can be classified into three types:
0
1
representing the hit-free SJNR, i.e., the SNR; 2) γm
1) γm
2
representing the single-hit SJNR; and 3) γm representing the
i
), i = 0, 1, 2, as the probabildouble-hit SJNR. Defining Pb (γm
ity of bit error for the given SJNR in the mth carrier, Pbm can be
expressed as the summation of different hit cases (e.g., double
hit, single hit, hit-free)

m∈J

+


m∈J 


Q

|2 E

|Λ1,m
N0


s
 (24)

 2
 1
 0 

+ P1 Pb γm
+ P0 Pb γm
Pbm = P2 Pb γm
 2 
 1 
 0 

+ P1 Pb γm+1
+ P0 Pb γm+1
+ P2 Pb γm+1
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EŞLI AND DELIÇ: ANTIJAMMING PERFORMANCE OF SPACE-FREQUENCY CODING IN PARTIAL-BAND NOISE

where P1 and P2 are defined in Section III, and P0 = 1 −
0
0
) and Pb (γm+1
) can be found by
P1 − P2 . Therefore, Pb (γm
substituting (8) and (9) into (21) as

0
)
Pb (γm

2
2
) and Pb (γm+1
) are expressed by substituting (13)
Last, Pb (γm
into (21) as







2
) = Q ρ |Λ1,m+1 |2 + |Λ2,m |2
Pb (γm





 
= Q ρ |Λ1,m+1 |2 + |Λ2,m |2


+

1 − ρ2

+



 12
∗
∗
∗ 2
Λ1,m+1 1 + Λ2,m 2  Es 


|Λ1,m+1 |2 + |Λ2,m |2  N0

×

0
Pb (γm+1
)



 
= Q ρ |Λ1,m |2 + |Λ2,m+1 |2


Es
N0 + (|Gm |2 + |Gm+1 |2 ) NJ

 12







2
)
Pb (γm+1



 
= Q ρ |Λ1,m |2 + |Λ2,m+1 |2


+



1 − ρ2

1 − ρ2

2
Λ∗1,m+1 1 + Λ∗2,m ∗2 

|Λ1,m+1 |2 + |Λ2,m |2 

(33)

(29)

+
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2
1
Λ1,m ∗1 + Λ∗2,m+1 2  Es 2 


|Λ1,m |2 + |Λ2,m+1 |2  N0

×

(30)

1 − ρ2

2
Λ1,m ∗1 + Λ∗2,m+1 2 

|Λ1,m |2 + |Λ2,m+1 |2 

Es
N0 + (|Gm |2 + |Gm+1 |2 ) NJ

 12



.
(34)

1
1
) and Pb (γm+1
) can
for m = 0, 2, . . . , N − 1. Similarly, Pb (γm
be found in a similar fashion by substituting (11) into (21) as

 1
Pb γm




 
= Q ρ |Λ1,m+1 |2 + |Λ2,m |2 +


#∞
P̄bSFC−OFDMA





 
= Q ρ |Λ1,m |2 + |Λ2,m+1 |2 +


×

0

(35)

P̄bSFC−OFDMA
#∞

#∞
···

0




Pb0 + Pb2 + · · · + PbN −2 p(γ1 )p(γ2 )dγ1 dγ2

0

(36)

1 − ρ2


2
 12

+
Es



.
2
2
|Λ1,m | + |Λ2,m+1 |  N0 + |Gm |2 NJ

Λ1,m ∗1

PbSFC−OFDMA p(γ1 )p(γ2 )dγ1 dγ2

where p(γ1 ) and p(γ2 ) are multivariate Rayleigh pdfs for the
channels experienced by the two transmit antennas, respectively. By inserting (27) in (35), we obtain

1
=
N



#∞
···

0

(31)
1
Pb γm+1

=

1 − ρ2



 12
∗
∗
∗ 2
Λ1,m+1 1 + Λ2,m 2 
Es

×


2
2
|Λ1,m+1 | + |Λ2,m |  N0 + |Gm |2 NJ


In the ensuing derivations, |Gm | = |Gm+1 | = 1 will be
assumed by (A1).
The average BEP of SFC-OFDMA over a Rayleigh fading
channel is

Λ∗2,m+1 2

(32)

where γi = [γi,0 γi,1 · · · γi,N −1 ]T , and γi,m represents the ith
antenna’s mth subcarrier for i = 1, 2. Since Pbm are summed,
the integral can be taken separately for each Pbm . Focusing
on the integral of Pb0 , we make the following assumption in
addition to A1).
A2) Per user, the channel gains of the space-frequency coded
subcarrier pairs are mutually uncorrelated.
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This is particularly justifiable when the subcarrier pairs
are not contiguous and because only M < N subcarriers are
assigned per user. Moreover, distinct users communicate over
uncorrelated channels. By (A2), we can conclude that each subcarrier pair is independent of the others because Λ consists of
uncorrelated channel gains. Then, putting (28) in (36), we get

for i = 1, 2. Then, (37) leads to the following expression by
substituting (29)–(34) into (37) and rearranging:


∞
#
√
1
 
0
Q( u1 )pu1 (u1 )du1
Pb = P2
N
0

Pb0 =

1
N

#∞

#∞ #∞
 



· · · P2 Pb (γ02 )+Pb (γ12 ) +P1 Pb (γ01 )+Pb (γ11 )
0

+
0



0



+ P0 Pb (γ00 )

+



+ P1 

Pb (γ10 )

#∞

× p1 (ν 0 )p2 (ν 0 )p1 (ν 2 )p2 (ν 2 )

0

· · · p1 (ν N −2 )p2 (ν N −2 )dγ1 dγ2

+




√
Q( u2 )pu2 (u2 )du2 


√
Q( u1 )pu1 (u1 )du1

#∞
0


and this simplifies to

+ P0 

#∞

Pb0=

1
N

#∞

 



P2 Pb (γ02 )+Pb (γ12 ) +P1 Pb (γ01 )+Pb (γ11 )

+

0 0 0 0

+ P0



0


Pb (γ00 ) + Pb (γ10 ) p1 (ν 0 )p2 (ν 0 )

× dγ1,0 dγ2,0 dγ1,1 dγ2,1




√

Q( u2 )pu2 (u2 )du2 


Es
0 +NJ

γJ = N

√
Q( u1 )pu1 (u1 )du1

0

#∞#∞#∞#∞

Es
0 +2NJ

γJ = N




√
Q( u2 )pu2 (u2 )du2 




.
Es
γJ = N

0

After taking the integrals, Pb0 simplifies to
(37)
Pb0

where ν m = [γm γm+1 ]T and pi (ν m ), i = 1, 2, is the bivariate
Rayleigh pdf for the adjacent subcarriers.
Define the two random variables u1 and u2 as

!
"

Es
1
=
P2 Ψ
N
N0 + 2NJ
!
! "
"
Es
Es
+ P0 Ψ
+ P1 Ψ
N0 + N J
N0

(40)

where the function Ψ(x) is



u1 = ρ |Λ1,m+1 |2 + |Λ2,m |2

+

1 − ρ2

Ψ(x) =

2
Λ∗1,m+1 1 + Λ∗2,m ∗2 
 γJ
|Λ1,m+1 |2 + |Λ2,m |2 

+

1 − ρ2

(38)

where γJ is the average SJNR. The pdf of ui is [18]
!
pui (ui ) =

" u
1 − ρ2
ρ2
− i
+ 2 ui e γJ
γJ
γJ

3

(x + 2) 2

.

Finally, if Pbm for m = 2, 4, . . . , N − 2 is derived in a similar
fashion as Pb0 , the resulting average BEP of SFC-OFDMA
system over a Rayleigh fading channel is reduced to a closed
form. Noticing that Pb0 is independent of m, we can conclude
that Pbm is the same for all m. Thus, the average BEP of SFCOFDMA system is




u2 = ρ |Λ1,m |2 + |Λ2,m+1 |2

2
Λ1,m ∗1 + Λ∗2,m+1 2 
 γJ
|Λ1,m |2 + |Λ2,m+1 |2 

√
√
√
√
3
−2 x + 2 x + 2 − x 2 + x x + 2 − xρ2

(39)

P̄bSFC−OFDMA =

N 0
P .
2 b

(41)

For fixed Eb /N0 and Eb /Nj , if the number of jammed
carriers increases, it will lead P2 to increase, whereas P0 will
decrease. On the other hand, because increasing α reduces NJ ,
there will be a tradeoff between α and NJ . Through this
tradeoff, the jammer can find an optimum α = α∗ , where (41)
reaches its maximum, and this α is the worst-case jamming scenario for the actual transmitter–receiver. Because the solution
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Fig. 3. BEP versus SNR for OFDMA with 16 users in PBNJ and frequencyselective fading (two TX antennas for SFC-OFDMA, N = 64, M = 4,
SJR = 15 dB, α = 0.5, QPSK modulation).
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Fig. 4. BEP versus SNR for OFDMA with 16 users in PBNJ and frequencyselective fading (two TX for SFC-OFDMA, N = 64, M = 4, SJR = 25 dB,
α = 0.5, QPSK modulation).

for α∗ involves both α and T , the theoretical analysis here is
not trivial.
It should also be noted that jamming contiguous bands as
PBNJ does causes the double hits to occur more frequently
than single hits, because the contiguous jamming scenario prevents the expected number of single-hit pairs to exceed two as
mentioned in Section III. Thus, double-hit occurrences become
more dominant.
V. N UMERICAL E VALUATIONS AND S IMULATIONS
The SF block coding scheme shown in Fig. 1 is adopted
and the performance of OFDMA system with and without
SFC is tested in the presence of PBNJ. There are N = 64
available subcarriers in total and M = 4 to support 16 users.
The jammer interferes with subcarriers, which are randomly
selected at each OFDM block. Symbols with QPSK modulation
are transmitted over frequency-selective channels modeled as
finite impulse response (FIR) filters and contaminated by zeromean complex AWGN. The FIR structures are of order five
with complex Gaussian-distributed coefficients and flat power
delay profile. The channels experienced by each antenna are
assumed to be uncorrelated, and CSI is perfectly known at the
receiver. All simulations operate at the baseband, and channel
coding is not applied. The cyclic prefix length is set to six
symbols. The bit error rate (BER) results reflect the averages
of 1000 independent channel pair realizations. We define the
SNR as SNR = Eb /N0 and the SJR as SJR = Eb /Nj . In case
of SFC, the symbol energies are shared by the two transmit antennas.
The average error probabilities are determined through three
methods.
M1) The expectation given by (40) and (41) is calculated.
M2) The error probabilities in (29)–(34), which are computed for individual channel realizations, are inserted
in (27) and (28) and then averaged.
M3) Simulations.

Fig. 5. BEP versus SJR for OFDMA with 16 users in PBNJ and frequencyselective fading (two TX antennas for SFC-OFDMA, N = 64, M = 4,
SNR = 20 dB, α = 0.5, QPSK modulation).

In the ensuing evaluations, the results obtained from these
methods are in remarkable agreement.
Figs. 3 and 4 depict that at high SNRs, the performance
limiting factor is PBNJ. The OFDMA performance under PBN
is remarkably close to its no-jamming BEP, especially at low
SNRs for SJR = 15 dB (Fig. 3), and at medium-to-high SNR
range for SJR = 25 dB (Fig. 4). This outcome supports the
reports in [9] and [10] that multicarrier transmission is resistant
to PBNJ. At high SJR and SNR, the diversity gain offered by
SFC becomes noticeable. For a BEP of 1 × 10−2 at SJR =
25 dB, the OFDMA system with SFC requires about 6 dB less
energy to combat noise compared to OFDMA alone.
Fig. 5 shows the BEP performance against SJR for
SNR = 20 dB. As the SJR increases, the BEP performance is
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Fig. 6. BEP versus α for OFDMA with 16 users in PBNJ and frequency-selective fading (two TX antennas for SFC-OFDMA, N = 64, M = 4, SNR = 20 dB,
QPSK modulation). (a) SJR = 10 dB. (b) SJR = 15 dB. (c) SJR = 20 dB. (d) SJR = 25 dB.

augmented, and SFC supplies a 7-dB SJR improvement at a
BEP of 5 × 10−3 . The diversity gain kicks in as the SJR grows,
which is not suprising because the jammer acts as Gaussian
noise. Thus, SNR and SJR play identical roles from the diversity viewpoint. At low SJRs, the double-hit error probabilities in
(33) and (34) increase enormously, and this, in conjunction with
the fact that P2 > P1 in PBNJ, leads to a slight performance
deterioration with SFC.
In all the graphs so far, the expected BEP computation for
SFC-OFDMA with ρ = 1 is very close to the results obtained
from averaging over channel realizations and simulations (note
the overshooting with ρ = 0.95). This supports the assumption
that adjacent subcarriers have almost identical channel-transfer
functions.
In Fig. 6, the effect of the fraction of the bandwidth jammed
(α) is investigated. Since the total jammer power is fixed,
as α increases, the effective power per subcarrier is reduced
proportionally. Therefore, the BEP curves reflect the tradeoff
between the number of jammed subcarriers versus the PBN
power per subcarrier. For SFC-OFDMA at SJR = 10 dB, the
jammer induces maximum damage at α∗ = 0.3. Likewise, the
worst case jamming occurs at α∗ = 0.06 for SJR = 15 dB,

α∗ = 0.03 for SJR = 20 dB, and SJR = 25 dB. Thus, SJR and
α∗ are inversely related for SFC-OFDMA and fixed SNR. The
figures also display the full SFC diversity that is present in
the absence of PBNJ for α = 0. Notice that at low SJR, the
diversity gain disappears for α = α0 = 2/N (note that N = 64
here), where the jammed subcarriers are hit with full force, and
α∗ → α0 as SJR increases. In addition, Fig. 6 further verifies
the performance improvement that is attained for α > α0 as
SJR increases.
Although perfect knowledge of CSI is assumed throughout
the analyses and simulations, it is conceivable that the pilot
subcarriers that assist channel estimation suffer from jamming
as well. The resulting performance loss from PBNJ-induced imperfect CSI is analyzed, and equalizer solutions are developed
in [13]. Let the channel-estimation errors ζn be modeled as
independent and identically distributed Gaussian random variables with zero mean. Fig. 7 depicts the performance of SFCOFDMA in the presence of PBNJ and channel-estimation errors
for E[|ζn |2 ]/E[|H1,m |2 ] = E[|ζn |2 ]/E[|H2,m |2 ] = −20 dB
for all m, where E[·] is the expectation operator. Similar levels
of BEP degradation are observed for both OFDMA and SFCOFDMA, and the gain provided by SFC is preserved. At low
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Fig. 7. Simulation results for BEP versus SJR with and without channelestimation errors (two TX antennas for SFC-OFDMA, N = 64, M = 4,
SNR = 20 dB, α = 0.5, QPSK modulation).

SJR, the BEP performance is already poor enough, and lack of
perfect CSI does not make things much worse.

VI. C ONCLUSION
We have considered possible benefits of employing SFC with
zero-forcing decoding against PBNJ in an OFDMA system.
BEP analysis has shown that SFC injects significant gains in
the medium-to-high SJR range, which is consistent with the
behavior of transmit diversity. The influence of SFC on the BEP
is related with Jtot and α, and the reduction in the BEP relative
to OFDMA increases inversely proportional to SJR. Jamminginduced CSI imperfections result in tolerable performance
degradation so long as the channel-estimation error variance is
sufficiently low.
The performance evaluation is a worst case analysis in the
sense that the jammer is not subject to fading. Simulations,
where the jammer signal does go through independent fading,
show that there might be over two orders of magnitude BEP
enhancement at SJR = 20 dB for channels with severe nulls.
However, the average BEP over 1000 channel realizations is
marginally better than the worst case because in general, the
jammer’s band does not fully overlap with the null, particularly
if α is small.
Finally, the BEP performance is invariant to the total
number of subcarriers N because the SJR remains constant
per subband, if the total signal and jammer energies remain
the same.
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